The Free and Forced Vibrations of
a Closed Elastic Spherical Shell
Fixed to an Equatorial
Beam—~Part II: Perturbation
Approximations

The two small parameters that appear in the final equations developed in Part I (Sim-
monds and Hosseinbor, 2010, “The Free and Forced Vibrations of a Closed Elastic
Spherical Shell Fixed to an Equatorial Beam—Part I: The Governing Equations and
Special Solutions,” ASME J. Appl. Mech., 77, p. 021017), namely, h/R, the ratio of the
constant shell thickness to the radius of curvature of the shell’s reference surface and
H/R, where H is the depth (or width) of the equatorial beam, are exploited using per-
turbation techniques (including the WKB method). The natural frequencies depend not
only on these parameters, but also on the ratio of the mass densities of the shell and
beam, the ratio of the Young'’s moduli of the shell and beam, Poisson’s ratio, and the
circumferential wave number m. Short tables for typical parameter values are given for
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those cases where the frequency equation is not explicit. [DOI: 10.1115/1.3197211]

1 Analysis

(In what follows, equation numbers in Ref. [1] will be preceded
by the Roman numeral I.) The simplest manifestation of the effect
of the small parameter £ is in the expanded form of Eq. (1.76),

e+ (1-va+3+ul\N+[Q*—1-@+ w)(1 - v)aln
+b+2e%(1+w)(1-v)a=0 (1)

where the error in neglecting the underlined terms is less than that
in classical shell theory and

a21+(1+v)Q?% b2d2-(1-v0%] (2)

A standard perturbation analysis of the roots of this cubic yields
three cases. Thus, let A=e¢y(g) ,p>0, y(0)#0. Then, with
02=1+ce® and ¢ nonzero and independent of &, we have the
following.

For Case (i), 0=a<2/3,

A ~
A=— e blc + 0(82—311)]’ {)\2 } — 8(1/2)(1—1[: Ve + 0(81_3a/2):|
3
3)

For Case (ii), a=2/3,
A= 2BX+ Y +0(e2Y)],

Dodsh=Le 23— (Y +X) = iBX -1 +0(2)]  (4)

where

3 3 2 3
T - 1 - b
X2 |2b4d, Y2 A|=b-\d, a2Z-<, c<3
2 2 427

(5)
For Case (iii), 2/3< a,
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N AN} = 8-2/3[%@;{1,eizm3,e—izﬂ/3} +0(e%2%)] (6)

Note that in Cases (ii) and (iii), we may take b=(2+v)(1+v).

In a strictly rigorous analysis, the next step would be to seek
asymptotic expansions of the Legendre functions for large A.
However, it is simpler and more edifying to begin with a two-
scale analysis of Egs. (1.67) and (1.68). Moreover, because we
expect Q2 to be a continuous function of & in the narrow transi-
tion range |Q°—1|=0(g%), a>0 and because we shall hence-
forth concentrate on the resonant frequencies of the beam-shell
configuration—these are the most important features for
applications—we shall forego a detailed perturbation analysis of
solutions in the transition region and consider only low, 0<(?
=1- |c , and high, 0= 1+|c , dimensionless frequencies.

Ross, in Ref. [2], carried out an asymptotic analysis of the
axisymmetric vibrations of a nonshallow spherical cap subject to a
variety of boundary conditions along a circular edge. As we do,
Ross avoids considering the transition region. However, Ross er-
roneously states that “Near [)?]=1, none of the three roots is very
large:” Cases (ii) and (iii) above show that all values of \ are, in
fact, O(s~?3). However, this is of no consequence in Ross’ study.

Let the solutions of Egs. (1.67) and (1.68) be expressed as

Wi = Wy (2,0, 0%) + 19,,(€, 1, v, Q0 2) (7)

U= U, 0. Q%) + £, (£, 11,1, Q%) (8)

where B(0){#,,, Yt =0,D{W,,, h,}=0 and &=x/ Ve is a “fast”
variable. To make all equations to follow dimensionless, we re-
place any unknown, call it f, by Lf, where L= |W,,(x;»,Q%)|>0,
and then divide by L. For free vibrations L is arbitrary; for forced
vibrations L is determined by the magnitude of the external force.

Clearly, w,, and 47/,,, are boundary-layer variables.
If £=0, the solutions of Egs. (1.67) and (1.68) are
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Table 1 Limiting form of Egs. (13)-(16). Q=0(H/R)*, h/R=0(H/R)"
Case Equation (13) Equation (14) Equation (15) Equation (16)
s=1
I r>4 @@ ®@® &) @0
I r=4 @@@ @@@ @ @0
s=5r—1
11 2<r<4 o) O® ©) @1
s=0
v r=2 06 0Oe) @O OO
\% 4/3<r<2 O0) 0] @® @®
VI r=4/3 0©) 0o OB ®
v r<4/3 0] 0] @ )
I - -0 = e S + k(mU,, - W,) + gO2W,, 8 =0 (15)
W, =w,,P2(x) and i, = T+(1+ V)Q2wm(x) = C(r,)w,,(x) © ) ®
(9) and
where 77167 + HGIHEWA,, + (12)R(m® = 1)V, + A,] =0
1 1 [1+(1+Q%2-(1 -7 2 ® @ ®
F=-s+y g+ Y =1+(1+rQ (16)
0%, 02#1 (10) As 6—0, consider the dominant terms in Egs. (13)—(16) for

2 Simplification of the Governing Algebraic Equations

As we showed in Sec. 11.2 of Ref. [1], if £=0, the lowest
natural frequencies of the beam-shell system are the flexural fre-
quencies of the beam given by Eq. (I1.103), where m=0 and m
=1 correspond to rigid body motions. We now trace the change in
the homogeneous forms of the governing equations (I1.80)—(1.83)
as ¢ increases from zero. To this end let

S2£HIR, &=7, k=k&,

g= §52—r’ 0o<r,

Q=05

and assume for simplicity that B=H.

Before beginning a perturbation analysis, we make some fur-
ther simplifications of our beam equations (I.80)—(1.83). First, we
neglect the underlined terms, which the subsequent analysis
would show to be negligible. Next, we use Eq. (8) and to set

[,]=1,.]+O(g). Then, we set
A, w,]= elw) ]+ 0(&?)

0=s=1, g.kO=0(1)

(11)

and

Szﬂ(Amwm)’d)]] == SI/ZHW:Z]] + 0(82) (12)

Finally, we retain only the dominant terms in each equation, rear-
range the order in Eq. (I.83) so that in all equations the shell
contributions come first, and number each term for future refer-
ence. (See Table 1.) Altogether,

—[1+ 1+ )0 x, 1672+ (1 + ){gQ*(U,, + mW,,) 5>
©) @) ®

- (1/12)l;m(m@;— 1)*W,,68%=0 (13)

(1 + 1+ )2, 1872+ (1 + v){gQ?V, 8 — (1/12)k(m?
® o) ®

3

- 1)[(3)12— DV, +A,18%=0 (14)
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different ranges of the exponents r and s. Listing only the magni-
tude of each term and noting Eq. (1.79), we have

Eq. (13):>{5’=-2,L2S-2,52S,5=2}=0 (17)
Eq. (14)={572,87%72%6%,8}=0 (18)
Eq. (15)={8"*2,8,6%}=0 (19)
Eq. (16) = {8"*,8,8% =0 (20)

In each of these four equations, two or more terms must either
have the same magnitude or the dominant term must vanish as
6— 0. Terms with an r in the exponent represent the effects of the
shell on the beam. As explained shortly, the terms with a double
underline in Egs. (17) and (18) and in Table 1 vanish if m=0 or
m=1; the term in Eq. (18) with a single underline vanishes if m
=1.

In Table 1 we have considered seven ranges of r, running from
r>4 (when the influence of the shell is negligible) to r<<4/3
(when the influence of the beam is negligible). We list by number
only those terms in our basic Egs. (13)—(16) that remain as &
—0; the error terms in the full equations may be inferred from
Egs. (17)—(20).

It is noteworthy that, although our basic equations comprise 14
terms, the greatest number of terms in our limit equations is 11,
which occurs only in Case IV. However, because the Class I equa-
tions, Eqs. (13) and (15), uncouple from the Class Il equations,
Egs. (14) and (16), there are at most two coupled equations with
six terms. In the extreme case r<<4/3, the limit equations imply
that Ww,,(&; ., v,Q%,£)=0 so that we are back to the natural fre-
quencies of a complete spherical shell, as discussed by Niordson
in Ref. [3].

3 Rapidly Varying Solutions

From Eq. (1.66), €A,,=d*/d&*+0(s). Hence, Eqs. (1.67) and
(I.68) take the forms
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4~ 21
"dvému-v)l(dd?’w*m) 0%7,=0() (1)
and
-
‘;—Z; +(1+ 1), =0(s) (22)

where we have assumed that Q>=0(1). Substituting Eq. (22) into
Eq. (21), we have

(d@4d& +1 - QM)%,,=0(g) (23)

3.1 Low Dimensionless Frequencies (£2*<1-|c[). If 0
<|x| <1, the decaying solutions of Eq. (23) have the form
W= e PE (A cos p& + Bsin pé) +O(g), p2 ‘{*'(1 -0%/4
(24)

where A~ and B, are unknown constants, and the plus (+) and
minus (—) signs go with the solution in the upper or lower hemi-
spheres, respectively. Equation (22) has the decaying solution

1+v
V1-0?

We now express the four unknown constants in our final Eqgs.
(13)—(16) in terms of the three constants, [x,,], [A,], and (A,),

o, = e“P4(B, cos p¢ F A, sin p&) +0(e)  (25)

and a new unknown constant, C,, where [A,]2A}-A. and
(A,)2A}+A;, etc. The relations
{190 g1 s 3 P (T, ) = (), 19,11 S (&7, m) (26)
and
{IIA_/m’d)]]’<A_/mS ¢>}P(F’m) = {<)?m>sﬂ)—(m]]}s(?sm) (27)

follow from Egs. (I.72) and (I.73) and will be used in what
follows.

Being free of the small parameter &, the solution of Eq. (1.69) is
given by Eq. (1.74), as before, but which we now write as x,,
=X, P"(+x), in keeping with the notation of this section, from
Eq. (162),, (8) and (27)

Uy = 3m(,) + 3w ) = 5m{h) + 31X, 1S(7m)/ P(7,m) + OC(e)
(28)

But by Eq. (26) and because ,,=Cw,, and [v,,]=[#,. Hl+mlX,]
=0

<17/m> = [[ij’(ﬁ]]P(&?m)/S(o_-sm) == mﬂymﬂp(&’m)/s((?’m) + 0(81/2)

(29)
Thus
U,,=H(7,a,m)[x,]+O0(s'"?) (30)
where
~_ o L] SG@Em)  ,P(a.m)
HEEm =5 om ™™ s@m) G

Even though & may be complex for certain ranges of Q2, P(&,m),
and S(o,m) are always real. This is proved in Appendix A be-
cause it is not immediately apparent from Egs. (1.72) and (1.73),
which contain gamma functions that, individually, are complex-
valued if & is.

For the Fourier component of the e,-component of the beam
displacement, we have from Egs. (1.62) and (27)

Vm = %(lﬁmaqb) + %m<)?m> = %(l_ﬂmnﬁ) + %m[[)?m’A]P(im)/S(im)
+0(e'?) (32)
By Egs. (9), and (26)
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(W) = [0,15@.m)/ P(5,m) (33)
On the other hand, [u,,]=m[,,]+[ X, s]=0 so that, altogether, Eq.
(32) takes the form

V= H(@Tm)[,] + O(e'?) (34)

In Appendix B we show that H(a,7,0) and H(o,7,1) are
0(Q72), whereas

2m* -1
mee
2m(m*-1)
Thus as Q> —0, Eqgs. (30), (34), and (35) imply that
[Xo-X1: Yho- 1] = {Uo, U1, Vi, Vi}O(Q?) (36)

The Fourier components of the e,-component of the beam de-
flection are given by

H(a,7,m) as Q*—0 if m=2 (35)

— l i l vt _ l ~ _ mll)_(m]]P(&,m) 2
Wm - 2<wm> + 2<Wm> - 2 |:<Wm> (_/‘S(E-,m) :| + O(Sl/ )
(37)

where we have used [v,,]=[#, sl +m[X,,]=0 and Eq. (26) to set

<Wm> = 6_1<J/m> = é_lﬂlzm’d)]]P(o_-»m)/S(a-’m)

=— C'mx, 1P(G,m)/S(&,m) + O(e"?) (38)

By Eq. (26) and [w]=[w,,]+[W,]=0, the Fourier components
of the local rotation A=w,4(6,1/21) become
A= 5(Bsg) = 367V20,,) = = 5[[,18(@,m)/ P(@,m) + C,,]
(39)
where by Eq. (24)
(W) =plA, +B,]+0(e) = £°C,, (40)
Also from Eq. (24) and because [w,,, gl =[#,,.4]-&~"[w,]=0
[w,0=[A,1+0(e), (%,)=(A,)+0(e),

[w,]=p(A, +B,)=0(c"?) (41)

and

w,l=2p*[B,]+0(s), [#"1=2p*B, —A,)+0(e) (42)

Noting Eqs. (40) and (41),, we have

[[Bm]] == IIAm]] + 0(81/2) and <Bm> == <Am> + 0(81/2)

(43)
Equations (41)—(43) allow all unknown constants appearing in
the beam Egs. (13)—(16) to be expressed in terms of the four
unknown constants [x,,l, [A,.], (A,.), and C,,. However, because
of the two classes of free vibrations discussed in Sec. 7 of Part I,
Eqgs. (13) and (15) involve only the two unknown [[x,,] and {(A,,),
whereas Eqs. (14) and (16) involve only the two unknown [A,,]
and C,,, so the values of the dimensional natural frequencies are
determined by two second-order determinants. There is one im-

portant proviso: the natural frequency must satisfy Q%= 1-|c|. We
therefore now consider the alternative.

3.2 High Dimensionless Frequencies (£2°=1+]|c|). The
situation here is a bit more subtle than when Q>=1-|c|. (We
assume that the intermediate case Q?—1=0(g%), a>0 can be
inferred by continuity.) Of the four solutions of Eq. (23), one is
decaying, namely

TP =Are 4 0(s), ¢2107-1>0 (44)

where the g; are unknown constants. Another solution grows as
we move away from the equator and is discarded. Finally, there
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are two solutions that are purely oscillatory. These cannot be ana-
lyzed by the simple perturbation scheme used so far so we turn to
the WKB method. (See Ref. [4] for a simple exposition.)

If Egs. (1.67) and (1.68) are reduced to a single equation by
eliminating either w,, or ¢,,, then the resulting sixth-order ordi-
nary differential equation can be expressed as the product of three
factors of the form A,,+\;, where \; is given by Eq. (3) with «
=0. The solution corresponding to \; is given by Eq. (I.74) and
the solution corresponding to N\, by Eq. (44).

To construct the perturbation solution associated with A3
=g71¢>+0(1), we first make the change of variable x=tanh 7 to

bring the equation (sAm+q2)W$)=O(s) into the normal form

(ed®dn + q* sech® )W = O(e) (45)
Next, we seek solutions of the form
W) = exple™ g (m;8'?)]
g=go(m) +e"g(n) +0(e), g0:e")=0 (46

Substituting this expression into Eq. (45) and equating to zero the

coefficients of € and &2, we have
207 +¢q* sech® =0 and g} +2glg;=0 (47)

Hence

7
go=* iqf sech 77d7%= * ig tan™!(sinh 7) and g| =— %(ln g0’
0

(48)

As we need only a particular solution of Eq. (48), we take g,

=Inycosh 7. Then, because g¢,g5,... are imaginary and g;,g3,...
are real, Eq. (46) takes the form

7% = Jcosh [ 1 +O(s)lexp{=is™"*[gB(7) + O(s)]},

B £ tan”!(sinh 7) (49)

Butas x— *1,7p— = and 8— = 1/2. Hence, to avoid blow-

~(3)

ups at x= * 1, the solution for W, * must be of the form

73 () = Bi\cosh 71+ 0(e)Isin[ 67 %¢(37 = B) + O("?) ]
(50)

where, as before, the plus sign (+) is used in the upper hemisphere
and the minus sign (—) in the lower hemisphere.

With v'&mzv'v“g)+v7f:), we need the following results from Eqgs.
(44) and (50) to express basic equations (13)—(16) in terms of four
unknown constants

(51)
(W) = (A,) +(B,)sin y+O(e) (52)
For first derivatives, we have
dﬁ(z) .
— = * gA,, +0(e) (53)
dé | o
~(3) ~(3) ~(3)
dw,, _ dw,, 4wy, _ b B cos y
d§ | g0 dx |, dn | o
+O(e) (54)
and for second and third derivatives, with the aid of Eq. (45)
d2 ~(2) -
Un | A%+ 0(e) (55)
& |

021018-4 / Vol. 77, MARCH 2010

el el el
—3| =e /35| = e/ | =-¢W(0)+0()
d§ &0 dx x=0 d77 7=0
=— Eiqz sin y+ O(e) (56)
d3 ~(2) .
W;" = *g’A, +0(s) (57)
ZE S P
3:5(3) 3.~(3) 3
d W;n ) dL;n — ¥ (2i+ d—3>v7£3)
d& | dx’ | dmn drn 7=0
d~(3) .
=—gl2g P +0(e¥?) = ¥ B,¢° cos y
7=0
+0(e) (58)
Thus
Wl = ¢*(IA,] - [B,Isin 7) + O(e) (59)
and
[#,°1= ¢*(A,.) - (B,)cos 7) + O(e) (60)

We now express all unknown constants that appear in our basic
equations (13)—(16) in terms of the four unknown constants [,,.],

IIE,H]], (Em), and E‘m, a new unknown constant. First, from Egs.
(53) and (54)

() = q([A,] + [B,Jcos y) + O(e) £ 6'°C, (61)
and
[0 = 4((4,) +(B,)cos 7) + O(e) (62)
Then from Eq. (61)
[A,]=~[B,Icos y+O(s"?) (63)
so that from Eq. (57)

v l=- ¢°[B,](sin y+ cos y) + O(e"?) (64)
Furthermore, because [w,,, g|=[w,,.4]-7"[#,]=0, Eq. (62)
yields

<A‘m> == <§m>cos 7+ 0(81/2) (65)
so that from Eq. (60)
[#"]=-24%B,)cos y+ O(e"?) (66)

Equations (30), (34), (37), and (39) for U,,, V,,, W, and A,,
remain unchanged, except that the constant C,, in Eq. (39) must

be replaced by the new constant C~'m To express these four equa-
tions in terms of the four unknown constants [ x,,,, [[Em]], <1§m>, and

ém we need only the expressions
[, =1B,](sin y—cos y) + O(e""?) and (W,)=(B,)(sin ¥

—cos y) +0(&"?) (67)
that follow from Egs. (51), (52), (63), and (65).

4 Numerical Results

Reference [1] discusses Case I (r>4, s=1, B=0) of Table 1
(in which the effect of the shell is negligible), as well as the case
m=0, when an exact torsional oscillation exists. See Egs. (I.106)
and (I1.107).

Cases II and III involve low dimensionless frequencies, where
0?0 as H/R—0 and H(&,7,m) is given by Egs. (B9) and
(B10) in Appendix B. Thus, in Case II (r=4, s=1) there is only
rigid body motion if m=0 or m=1, whereas if m=2, Eqgs. (13),
(15), and (30) yield
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R )
m+1 | (1+v)g(2m’-1) g 12

} (68)

Equations (14) and (16) in Case II can first be reduced to

- [[me]] + (1 + V)[gﬁzvm + mZ(mZ - I)I;(GJ/E)Am] =0 (69)
and

m* -1

That is, if

o’ =m(m2 —1)

(1+v)g(2m*-1) 1+12m* (GJ/E)

+m(m21)(k/g)(GJ/E)]

(72)
The equations for Case III (2<r<4, s=1/2r—1) follow upon
neglecting the doubly underlined terms in Egs. (68) and (72).

In Cases IV-VI, Q=0 because s=0, and in Cases IV and V
there is no need to distinguish between low and high dimension-
less frequencies because w,, never enters the picture.

If we use Eq. (15) in Case IV (r=2, s=0) to eliminate W,
from Eq. (13) and then use Egs. (30) and (68) to set U,
=H(7,5,m)[x,], we obtain for the natural frequencies

[1-(g/k)Q2[L+ (1 +v)Q%]=(1+v)gQ71 - (g/k)Q?

+m’JH(7,&,m) (73)
On the other hand if we use Eq. (34) to set V,,=H(&,7,m)[i,],
then Eq. (14) yields

1+ (1+ Q%=1+ v)gO’H(&,7m), (74)

whereas Eq. (16) becomes, ultimately, merely an equation for C,,

in terms of [A,,] or C,, in terms of [B,,].

Although we list only a few typical solutions of Egs. (73) and
(74) in Tables 2 and 3 below, a qualitative description of the
infinite number of possible solutions is useful for any future de-
tailed computations. First, it is obvious from Egs. (I.72) and (31)
that there is an integer value m € [0,&] such that |H(G,m)|= if

g=n=1,2,3,.... The corresponding values of 22 follow from Eq.
(10) as

Table 2 (a) Typical values of Q2 from Eq. (73) for v=0, g=1,
and g/k=1 and (b) typical values of Q2 from Eq. (73) for »
=0.5, g=1 and g/k=1

m 0 0 X X
(@)

0 3.2465 10.2662

1 1.2018 2.8651

2 0.5287 0.8890 2.4426 5.7397
(b)

0 2.1644 6.8441

1 0.6953 0.8269 3.8934 10.2163

2 0.3897 0.8110 1.9415 5.8282

2m(m? 1) (1-2m%) 4 (14v)8Q (14v)m? (mr? —I)E(GJ/E)‘

(GJIEYm?A,, + (1/12)[(m* = 1)V,,+ A, ]=0 (70)

Using Eq. (34) to eliminate [,,] from Eq. (69) in favor of V,, and
noting Eq. (36), we arrive at two linear homogeneous algebraic
equations for V,, and A,,. If m=0 or m=1, there is rigid body

motion only, whereas if m=2, we have nontrivial solutions
providing

=0 (71)

1+12m* (GJ/E) \

~ 1+3v= 3+ 2+ (1 =2v)1=vnn+1)+n*(n+1)*

n 2(1-12)

(75)
These are just the dimensionless frequencies for what Niordson
[3] calls “vibrations of the second class” for a complete spherical
shell. If we take the minus sign in Eq. (75), we can easily show
that there is an infinite sequence of values, 0=_ﬁ%<_ﬁ§<---
<1 that approaches 1 from below; if we take the plus sign, there
is an infinite sequence of values 1< +(~2%< +ﬁ%<- -+ that ap-
proaches . For n=1, _03=0, ,0?=3/(1-»). In Table 4 we
reproduce the table in p. 322 of Ref. [3], modified to display
values of _ﬁ% and +f~l§ for n=2.

Furthermore, by Egs. (I.73) and (31), it is obvious that there is
an integer value me[1,7] such that |H(7,0)|=% if 7=n
=1,2,3,.... Values of the corresponding values of 0?2 follow from
Eq. (1.107) as

~ +2)(n—-1
2(1+v)

Consider Eq. (74) first. The graph of the right side has vertical

asymptotes at Q2=_(~)i or +(~)ﬁ The graph of the left side of Eq.
(74) is a straight line, and every intersection of the two graphs

(76)

Table 3 (a) Typical values of Q2 from Eq. (74) for »=0 and g
=1 and (b) typical values of Q2 from Eq. (74) for »=0.5 and g
=1

m 0} 0 KA A
(a)

0 0.7700 0.9141 2.5404 8.4993

1 0.5548 0.8700 42384 5.2559

2 0.7102 0.8953 1.3267 7.3706
(b)

0 0.6437 0.8492 5.0728 13.5727

1 0.4156 0.7793 3.2168 8.0635

2 0.5404 0.7984 5.5124 12.1701

Table 4 For n=2, smallest values of Q2 from Eq. (75) that are
=1

v=0.0 v=0.1 v=0.2 v=0.3 v=0.4 v=0.5
,ﬁ% 0.6277 0.5962 0.5669 0.5399 0.5150 0.4920
+(~l§ 6.3723 6.7776 7.3498 8.1414  9.2469 10.8413
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Table 5 Solutions of Eq. (80) for a few values of pg/p, kig
=psEl/pEs, and v

v=0.0 v=0.5

ps/p klg=0.1 k/g=05 k/g=09 k/g=0.1 k/g=05 k/g=09
0.5 0.9094 0.9572 0.9948 0.8931 0.9498 0.9938
1.0 0.9610 0.9820 0.9978 0.9532 0.9784 0.9974
2.0 0.9839 0.9926 0.9991 0.9806 0.9911 0.9990

corresponds to a dimensionless natural frequency of the beam-
shell configuration. These are interwoven with the natural fre-
quencies of the closed shell.

Now consider Eq. (73) for Q%+ k/g. If we divide both sides by
1—(g/k)Q?, then, qualitatively, we have the same situation as we
had with Eq. (74) except that & and 7 are reversed.

In Case V (4/3<r<2, s=0), Eq. (13) yields [x,,]=0 and
hence, by Eq. (30), U,,=0 so that Egs. (I.79) and (15) yield the
Class I natural frequency

0% =kl/g=EpgEsp (77)
Class II natural frequencies are those of a closed spherical shell,
as discussed by Niordson [3].
In Case VI (r=4/3, 5=0), Eq. (13) again yields [x,]=U,,=0,
whereas Eq. (15) reduces to

[T+ (0% - k)W, =0 (78)

where by Eq. (37), W,,=1/2(w,,). Equations (14) and (16) imply,
again that the Class II natural frequencies in this case are those of
a closed spherical shell.

For low frequency vibrations (Q>=1-|c
Egs. (41)—(43)

), Eq. (78) becomes by

g’ =k+8p’ (79)
To further reduce this equation, recall that in Part II, B=H (a beam
of square cross section) so that by Egs. (1.79) and (24): (i)
g2 (p/ ps)(H*/hR)=g(H/R)*>; (ii) k/g=Eps/Esp; and (iii) 4p*

=1-02 Hence
2 6th/3 1= 03234
Qp_[z V2ARYS(1 - 09 }
p ES H /3
E —_—
= &[E+4\”6(1 - -92)3’4] (80)
pLEs

because from Eq. (1.21),, e2=h?/12(1-v*)R*=(H/R)¥3 in Case
VI. There are no solutions to Eq. (80) if psE/pE > 1. Although Eq.
(80) is a quartic in (1-Q?)"4, the exact solution is complicated
and unenlightening. It is simpler to use a standard numerical rou-
tine (as we have) to determine values of Q? for specific values of
the three dimensionless parameters k/g=pgsE/pEg, ps/p, and v.
Thus, in Table 5, we list some typical solutions of Eq. (80).

For high frequency vibrations ((0*>=1+]c|), we have, by Egs.
(66), (67),, and (78)

ZQ% =k +4¢> cos v/(sin y—cos y) (81)
or by Eq. (44)
E N
0= = 43— @2 1Y (82)
pl|Es sin(y— Z7T)
where from Eq. (51) and because e=(H/R)*3 in Case VI
y=1a(®RH07 -1 (83)

Because cos y/sin(y—1/4m7) is m-periodic and can assume any
real value, Eq. (82) has an infinite number of solutions such that

021018-6 / Vol. 77, MARCH 2010

02> 1. However, even though Eq. (82) is transcendental, a simple
perturbation analysis allows us to compute explicitly many of the
values of % near 1, which occurs if the sine function in Eq. (82)
is nearly 0.

Thus, let

—(l+ ) +(]1)2 =0(1) =0,1,2 (84)
y= 2 nlm R K, K= , n=0,1,2,...
Then,
cos 7y 1 H)\?
- . = | 1+0| —
sm(y—zﬂ-) (H/R)*k R

so that Eq. (83) yields

) (1+4n>4(H>8/3[ 16 <H)2K (H)“]
QO =1+ — 1+ — ] —+0|—
2 R 1+4n\R) = R

(85)

(86)
The value of « then follows from Eq. (82) as
PN 1 3
8V3(1—V2)<5+2n) 7\
K= +0| — (87)
1 = psE/pEg R

However, the reader must take Egs. (86) and (87) with a grain of
salt because, as Eq. (3) shows, our perturbation analysis in Secs.
3.2 and 3.3 is valid only if Q?>~1=0(s% with 0=a<2/3, a
restriction that is clearly violated in Eq. (86). A correct determi-
nation of Q? in the transition zone requires a consideration of the
Eqgs. (4) and (5) and would take us beyond the scope of this paper.
For an enlightening numerical analysis of the natural frequencies
of a spherical shell with a hole, where a similar transition zone
occurs, see Ref. [5].

5 Conclusion

To simplify considerably the “exact” equations developed in
Part I, we used perturbation methods to exploit the small values of
h/R and H/R, where h and H are, respectively, the thicknesses of
the shell and the beam (of square cross section) and R is the
midsurface radius of the shell. Thus, in many cases, explicit for-
mulas for the square of the dimensionless natural frequency (22
emerge for certain ranges of the ratio 4/ H, whereas other ranges
of this ratio lead to relatively simple scalar equations that may be
readily solved numerically by standard techniques. Typical solu-
tions of these latter frequency equations are given. The rather
elaborate behavior of solutions in the transition zone, |Q?—1|
=0(&2%3), >0, remains to be carried out.
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Appendix A: Proof That P(o,m) and S(o,m) are Real
Valued

The reciprocal of the gamma function is an entire function of its
argument and may be represented by the infinite product, Ref. [6],
p-1

%

1
— = zeyZH (1 + E)e—z/n

I'(z) ol n

where 7y is Euler’s constant. Because the infinite product con-
verges uniformly for all bounded arguments, we have

(A1)
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%

1 z g\
— Yz+d) d = (z+{)/n
F(z)F(g")_de H(1+n><1+n)e (A2)

with z=1+(1/2)a—(1/2)m and {=1/2—-(1/2)0—(1/2)m, we find
that

W=(m-1)(m=-2)-\ (A3)
where
<1+5><1 +5) =1+l(§—m) +{m=1)(m-2)~X]
n n n\2 n
(A4)
and from Eq. (10)
2 2
K=o+ 1)= [1+(1+v)Q ][22—(1— v)Q) ] Pl
1-Q
(AS)

This last equation shows that the right side of Eq. (I.72) is a

function of X and m only and thus real because X is real. A nearly
identical argument shows that the right side of Eq. (1.73) is like-

wise a function of X and m only.

Appendix B: Values of the Function H(o,7,m) When
22 is Small

If o=1
0if m=0 )
. 1if m=0
P(l,m)=1-1if m=1 and S(1,m)= .
) 0if m=1
0if m=2

(B1)
Eqs. (1.107) and (10) show that &,7=1+0(Q?). Hence, as ()?
—0, the function H(&,7,m) defined in Eq. (31) becomes infinite
implying that [x,]—0 as Q*>—0. To see precisely how [¥,]
goes to zero with 2, let 5=1+«Q?, where k=1+v or k=(2/3)
X (1+w) according to Eq. (10) or Eq. (1.107), and consider the two
cases m=2n and m=2n+1, n=0,1,2,....
If m=2n, n=0 in Eq. (1.72)
cos[%w(l +2n+ KQZ)] ~ (= )" Y (km/2)Q? as O*—0
(B2)

so that the formulas on pp. 2 and 3 of Ref. [6] for the gamma
function yield

Journal of Applied Mechanics

(2n)!

P(1 + kQ%2n) ~ 5 kQ? as Q=0 (B3)

n—
If m=2n, n=1
1

1 n—1 2 2
—————~ ~5(-1 n—1)!kQ° as Q 0
T(1xieioy) 20N lix -

(B4)
so that
S(1+kQ%2n) ~-(2n+1)2n-1) 1 kQ* as Q*—0
(B5)
If m=2n+1, n=0
sin[ﬂ'(n +1)+ %WKQ2:| ~ (= D)™ (km2)Q% as Q> —0
(B6)
so that from Eq. (1.73)
S(1+ kD2 2n+1)~=2(n+1)2n)  kQ* as Q*—0
(B7)
whereas if m=2n+1, n=1, Egs. (1.72) and (B4) yield
P(1+kQ*2n+1)~Q2n+1)2n-1)1kQ? as Q?—0
(B8)
Thus, in summary, as Q% —0
3
H(a,7,0) ~ - m, H(a,7,1) ~ - m
(B9)
and
H@mm ~ 2L =y (B10)
2m(m?>=1)
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